In this paper we present a new extended complex non-linear Klein-Gordon Lagrangian density which bears a single non-topological wave packet soliton solutions with a specific rest frequency 
I. INTRODUCTION
Study of soliton solutions in relativistic classical field theories is an attempt to model particles in terms of non-singular, localized solutions of properly tailored non-linear PDEs [1] [2] [3] [4] . Kink and anti-kink solutions of the real non-linear Klein-Gordon (KG) equations in 1 + 1 dimensions was a successful effort in this way [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Solitons are, in some respects, similar to physical particles. They satisfy energy-momentum-rest mass relation and are stable objects. Stability is a necessary condition for a solitary wave solution to be soliton.
If for a solitary wave solution, any arbitrary small deformation (variation) in its internal structure leads to an increase in the related total rest energy, it is a stable object.
Kink and anti-kink solutions are topological objects. The topological nature of them is the main reason for their stability. We will show that for the real or complex nonlinear KG systems in 1 + 1 dimensions, the non-topological stable solutions do not exist generally. However, there are many works which show that the complex non-linear KG (CNKG) equations leads to a range of infinite types of the solitary wave-packet solutions [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . For such solutions, there is a deBroglie-like wavelength-momentum relation and the Einstein's energy-momentum-rest mass relation is satisfied generally. In Ref. [22] these solitary wave-packet solutions were called Q-balls. It was shown that Q-balls have the minimum rest energy among the other solutions with the same electrical charge, but it is not a sufficient condition for the stability, i.e. their energies are not minimum against any arbitrary deformations.
In this paper, inspired by the quantum field theory, we introduce an extended CNKG system in 1 + 1 dimensions with just a single solitary wave-packet solution which can be identified with a specific rest frequency ω s . There are some free parameters A i 's and B i 's (i = 1, 2, 3) in this new model which if are considered to be sufficiently large lead to more stability of the single solitary wave packet solution. Note that, there are a few known relativistic field systems with soliton solutions among which one can mention the kink bearing systems in 1 + 1 dimensions, the Skyrme model of baryons [27, 28] and 't Hooft Polyakov model which yields magnetic monopole solitons [29, 30] . The new relativistic field model, which is introduced in this paper, is a different one which leads to a non-topological soliton. All priori known solitons are topological objects but this new one is a non-topological one. The equations of motion and the other properties of the new extended CNKG system is seemed to be nonstandard and complicated, but fortunately these complicated equations reduce to the same original CNKG version just for the free single soliton solution. In fact, the new complicated terms in the new extended CNKG system behaves like a massless spook 1 which surrounds the particle and resists any arbitrary deformations. Note that, we limit our study to systems in the 1 + 1 space-time only for simplicity of the calculations and results.
However, the related concepts and relations for this extended CNKG system in 1 + 1 can be extended to 3 + 1 dimensions.
The organization of this paper is as follows: Basic equations and general properties of the solitary wave-packet solutions are first introduced. In the next section, a new self-interaction potential and the corresponding localized wave-packet solution will be introduced, together with a stability analysis. In section IV, we will show how to build an extended CNKG system with a single stable solitary wave packet solution (single soliton solution) for which the dominant Lagrangian density reduces to a known standard CNKG one. In section V, the stability of the single soliton solution against any arbitrary small deformations will be studied generally. Moreover, a simple example for the extended CNKG systems will be introduced and considered in details in this section. The last section is devoted to summary and conclusions.
II. COMPLEX NON-LINEAR KLEIN-GORDON (CNKG) EQUATIONS
The complex non-linear Klein-Gordon (CNKG) systems in 1 + 1 dimensions can be introduced by the following relativistic Lagrangian-density:
in which φ is a complex scalar field and V (|φ|) is the self-interaction potential which depends only on the modulus of the scalar field. Using the least action principle, the dynamical equation for the evolution of φ can be obtained as follows:
Note that we have used natural units = c = 1 throughout this paper. For further applications, it is better to use polar fields R(x, t) and θ(x, t) as defined by
In terms of polar fields, the Lagrangian-density (1) and related field equations (2) reduce respectively to
and
The related Hamiltonian (energy) density is obtained via the Noether's theorem:
in which dot and prime denote differentiation with respect to t and x, respectively. For such systems, it is possible to have some travelling solitary wave-packet solutions as follows:
provided
where and integrate, it yields
where C is an integration constant. This constant is expected to vanish for a localized wave-packet. This equation can be easily solved for R, once the potential V (R) is known:
In general, by using equation (10) , it is easy to see that related to different values of ω o , there are different non-topological solutions for R( x). The topological complex kink and anti-kink solutions can also exist when ω o = 0 and V (R) has more than two vacuum points [26] .
In the framework of special relativity, it is clear that the total energy of a solitary wave solution which represents the total relativistic energy of a particle should read
in which
is the rest energy of a solitary wave packet solution. Moreover, one can use equation (9) to
Therefore, equations (15) and (13) show that frequency and energy have the same behavior and we can relate them via introducing a Planck-like constant h:
It is easy to understand that h is a function of the rest frequency ω o and for different wavepacket solutions, there are different h. Similarly, it is possible to find a relation between relativistic momentum of a solitary wave packet solution and wave number k via Noether's theorem:
This equation is very interesting, since it resembles the deBroglie's relation.
III. STABILITY CONSIDERATIONS; AN EXAMPLE
In general, to have a solitary wave packet solution with rest frequency ω o , we must first perform the integral (12) . This integral does not in general yield analytical solutions. In this section, we introduce a potential which leads to physically desirable solutions:
This potential is plotted in Fig. 1 . With this potential, it can be shown that the integral 
For the special case ω 2 o = 10, the following result is obtained:
Accordingly, there are infinite solitary wave-packet solutions which can be identified with different rest frequencies (19) (see Fig. 2 ). For x = 0, the maximum values of these solutions are obtained as a function of ω In general for a solitary wave solution to be soliton, its rest energy must be minimum among the other close solutions [1] , i.e. it must be a stable object against any arbitrary deformation. In other words, if for any arbitrary deformation, the related rest energy always increases, it is a stable solution. Based on this criterion, it is easy to show that there is no stable solitary wave packet solution for the CNKG systems in 1 + 1 dimensions at all. An arbitrary deformation (variation) can be constructed as follows: According to Eq. (14), let us fix the function R(x) and setθ = 0, then any small variation inθ 2 with δθ 2 < 0, yields a small reduction in the related rest energy (14) . Therefore, there is not any soliton solution among the solitary wave packet solutions (19) at all. The same arguments goes for the possible non-topological solutions of the real non-linear KG systems in 1 + 1 dimensions. In
Ref. [22] , solitary wave packet solutions (8) of the CNKG systems (1) were named Q-balls.
For Q-balls, it was shown that their rest energies are minimum among the other solutions with the same electrical charges. But, it is not a sufficient condition to guarantees the stability of the Q-balls.
Moreover, a primary condition for a solitary wave packet solution (19) to be soliton is that its rest energy must be minimum among the other (close) ones. According to Fig 
IV. AN EXTENDED CNKG MODEL WITH A SINGLE STABLE SOLITARY WAVE PACKET SOLUTION
In general, there is an unwritten postulate in the quantum field theory that is any standard
Lagrangian density and the related dynamical equations of motion are used just for a special type of the tiny particles. Namely, the Dirac Lagrangian density with some specific constants is used just for electrons and positrons, but the same Dirac Lagrangian densities with other specific constants are used for other known particles like muons and neutrinos. Another example is a special version of the complex nonlinear Klein-Gordon Lagrangian densities (a complex φ 4 system) which is used just to introduce the Higss particles theoretically.
Moreover, in the standard relativistic quantum field theory, the Lagrangian densities which are used for the scalar fields are usually (complex) (nonlinear) Klein-Gordon types.
Inspired by the above points, first, we postulate that for the soliton solutions (as the particle-like objects) of the classical scalar field models, the dominant Lagrangian densities should be the same standard (complex) (non-linear) Klein-Gordon types, second, if a classical
Lagrangian density leads to more than one soliton solution with the same standard dominant dynamical equations, we postulate that it is not a physical case. For example, the pervious Lagrangian density (4) with the potential (18) is not essentially a physical case because it leads to infinite soliton-like solutions (19) and (20) according to infinite particle-like objects for which the dominant Lagrangian density (4) or dominant dynamical equations (5) and (6) are the same respectively. Note that, we used "soliton-like" instead of "soliton", because, as we said before, essentially none of them (19) are stable and really soliton. In general, as we perviously said, it is not possible to have a real or complex non-linear Klein-Gordon system with a non-topological soliton solution. In fact, the topological property for many soliton solutions are considered to guarantee the stability. The topological property of a single soliton solutions imposes difficult conditions for constructing multi-particle solutions.
But for the non-topological solutions, they simply result in a multi-partite solution just by adding them when they are far enough apart. So far, a classical field system that leads to a non-topological soliton solution has not been introduced. However, we are deliberately looking for a classical scalar field system that yields a single topological soliton solution for which the dominant Lagrangian density being a special kind of the standard complex nonlinear Klein-Gordon ones.
To meet all these demands, one can consider a general extended complex non-linear Klein-Gordon (CNKG) Lagrangian density which just for a purposed single soliton solution reduces to a simple standard CNKG one. In other words, we expect just for the purposed single soliton solution the dominant Lagrangian density being a special kind of the standard CNKG ones. In fact, the dominant Lagrangian density for the single soliton solution is consider to be a special case of the general extended Lagrangian density. Briefly, we are going to consider the possibility of the existence of a new extended CNKG system with a single soliton solution for which the dominant equations of motion reduce to the same standard CNKG equations of motion (5) and (6) as we expected. Note that, the particle concept in the classical field theory contrary to quantum field theory, is completely objective,
i.e. a stable localized energy density in the space which can move in any arbitrary direction.
To make the topic more objective, imagine a stable solitary wave packet solution of an unknown relativistic field system with a specific rest frequency ω s = ± √ 10 exists in following form:
in which t = γ(t − vx). In other words, we are going to study the same special solitary wave packet solution (20) which were introduced in the pervious section. We can consider this special solitary wave packet solution (SSWPS) (21) like a detected stable tiny particle in the laboratory for which we suppose that the dominant dynamical equations of motion or the dominant Lagrangian density reduce to the same standard versions of the CNKG system which were introduced in the pervious sections. In other words, we assume that the dynamical equations of the system are in a more general form, and just for the SSWPS (21) reduce to the same standard known CNKG forms (5) and (6).
Accordingly, one should consider a new Lagrangian density in the following form:
in which L o is the same original CNKG Lagrangian density (4) for which we expect the purposed SSWPS (21) is one of its solutions. Additional functional F is a scalar term which must be obtained properly. In general, F must be functions of all possible allowed scalars R, θ, ∂ µ R∂ µ R, ∂ µ θ∂ µ θ and ∂ µ R∂ µ θ. To be sure that for this new extended CNKG Lagrangian density (22) , the electrical charge conservation is satisfied again, the additional term F must not be function of the phase field θ. The new dynamical equations of motion for this new extended Lagrangian density (22) are
Also, the new energy density function is
For the SSWPS (21), as we indicated before, we expect all Eqs. (22), (23), (24) and (25) reduce to the same original versions (1), (4), (5) and (7) respectively. In other words, we expect all additional terms F , Since for the SSWPS (21), F and all its derivatives must be zero, one can conclude that it should be a function of powers of S i 's (S n i 's with n ≥ 3), where S i 's are the possible independent scalars which for the SSWPS (21) would be zero simultaneously. In general, there are just three independent S i 's (i = 1, 2, 3) as follows:
It is straightforward to show that these special scalars all are equal to zero for the SSWPS (21). For simplicity, if one considers F as a function of arbitrary n'th power of S i 's, i.e.
where Z i = S n i . It is easy to understand for n ≥ 3, all these relations would be zero for the SSWPS (21) as we expected. Accordingly, one can show that the general form of the functional F which satisfies all required constraints, can be introduced by a series:
provided (n 1 + n 2 + n 3 ) ≥ 3. Note that, coefficients a(n 1 , n 2 , n 3 ) are also arbitrary welldefined functional scalers, i.e. they can be again functions of all possible scalars R, ∂ µ R∂ µ R,
The stability conditions imposes serious constraints on function F which causes to reduce series (29) to special formats. However, again there are many choices which can lead to a stable SSWPS (21) . Among them, one can consider the additional term in the following form:
where Z i = B i K n i for which n is any arbitrary odd number larger than 1 (i.e. n = 3, 5, 7, · · · ), f (Z i ) is any arbitrary odd function which is continuously increasing (like f = Z i or f = sinh(Z i )) provided f (0) = 0, A i 's and B i 's (i = 1, 2, 3) are just some positive constants, and functional K i 's are three independent linear combinations of S i 's as follows:
in which α and β are arbitrary real constants included for dimensional reasons. It is obvious that K 1 , K 2 and K 3 all are zero just for the SSWPS (21) with rest frequency ω s = ± √ 10.
The energy-density (25) that belongs to the new extended Lagrangian-density (22) , for this special choice (30), would be
where f i = df (Z i ) dZ i and
Note that, C i 's are positive definite and this property will be used in the further conclusions.
Since f (Z i ) is considered as an odd function, hence it can be shown generally by a convergent Taylor's series
It is easy to obtain f i (as an even function) in a series format:
Now, functions ε i 's (i = 1, 2, 3) in Eq. (34) can be expressed in the following series:
where 
where
. If the potential V (R) is a function like the one which was introduced in the pervious section (18), i.e. it is a negative function for large values of R, it is possible to set coefficients α and β in such a way that the new term U (R) be always positive definite. For example, for potential (18) , if α = 1 and β = 1, then
2 which is always non-negative function and bounded from below.
Therefore, since n ≥ 3 and C i 's all are posited definite, we are sure that all terms in the above relations are positive definite which means that all terms of the series (38) would be positive definite. In other words, all ε i 's (i = 1, 2, 3) are positive definite functions which are zero just for the SSWPS (21).
Since K 1 , K 2 and K 3 (or equivalently S 1 , S 2 and S 3 ) are three independent scalars for two scalar fields R and θ, it is not possible to find a special variation in the SSWPS (21) for which all of K i 's do not change and stay zero simultaneously. In other words, just for the SSWPS (21) all K i 's would be zero simultaneously and for other non-trivial solutions of the extended CNKG system (22), at least one of the K i 's would be a non-zero function. 
V. STABILITY FOR SMALL DEFORMATIONS
In this section, specially, we are going to study the stability of the SSWPS (21) for small variations. In general, the small variations for the non-moving SSWPS (21) can be considered as follows:
R(x, t) = R s (x) + δR(x, t) and θ(x, t) = θ s (t) + δθ(x, t) = ω s t + δθ(x, t),
where δR and δθ (small variations) are any small functions of space-time. The subscript s is referred to the special solution (21) for which ω 2 s = 10 and R s (x) = 4/(x 2 + 4). Now, if we insert the deformed version of the non-moving SSWPS (40) in ε o (x, t) and keep the terms up to the first order of variations δR and δθ, then it yields
Note that, for a non-moving SSWPS (21),Ṙ s = 0,θ s = 0 andθ s = ω s = ± √ 10. Therefore, δε o can be considered as a small linear function of the first order of variations δR, δŔ and δθ.
It is obvious that δε o is not necessarily a positive definite function for arbitrary variations.
If one performs the similar procures for ε i 's, they lead to
Note that K i 's for the SSWPS (21) would be zero (i.e. K is = 0). Now, for simplicity, if one sets n = 3, then
According to Eq. (35),
hence, for small variations δε i 's all are positive definite functions as we expected generally.
It is easy to show that δK i 's, similar to δε o , all are linear functions of the first order of small variations. In fact, according to Eqs. (31)- (33) and (26)- (28) we can define three linear functions G 1 , G 2 and G 3 in terms of small variations as follows: 
For small variations, it is obvious that the magnitude of the first order of variations are larger than the magnitude of the second order of them (for example, δR < (δR) 2 ), hence, it is easy to understand that for small variations: From now on, according to Eq. (36) and the pervious discussions, let us to consider an odd function in the following form:
. Therefore, the related extended Lagrangian density is
The related equations of motion are
and the related energy density is
Note that, we have set α = 1 and β = 1.
An arbitrary variation for the non-moving SSWPS (21) can be introduced as follows:
in which ξ is a small coefficient. Larger ξ is related to larger variations for the modulus function. We consider the phase function to be fixed at θ(x, t) = ω s t. Now, the total energy density (49) for this variation (50) reduces to
Note that for this arbitrary variation (50):Ṙ = 0,θ 2 = ω Therefore, mathematically, the SSWPS (21) is not really a stable object, but physically, if we consider extremely large values for B i 's, there is a very small shift from E o (ξ = 0) which is completely unimportant and the stability of the solitary wave-packet solutions is enhanced appreciably. Therefore, to a very good approximation, we can consider the single solitary wave packet solution (21) as a stable object. This treatment is observed for a special Gaussian variation for the R function (50), but in fact it is independent of the form of variations. To support this claim, we can study six other arbitrary variations which are introduced in the following forms:
All of theses variations for ξ = 0 turn to the same non-moving undeformed SSWPS (21).
The expected results for the variations of the total rest energy E o versus ξ, for six arbitrary deformations (52)-(57) at t = 0, are shown in the Fig. 7 respectively. One might think that this model is an artificial model so that all relations are tuned in a way that to guarantee the stability of the SSWPS (21) . But note that, the demands that were considered at the beginning of Section IV force us to achieve such scalar field system (22) . In other words, we think that this model (22) is the only model that can satisfy all the requirements, and there is no other alternative. We presented an extended CNKG system (22) in such a way that it had a single solitary wave-packet solution with a specific rest frequency ω s (21) . For this single solitary wavepacket solution (21) , all equations and relations reduce to the same original CNKG formats, i.e. just for this special soliton solution (21) the dominant dynamical equation of motion are the same standard CNKG equations. In fact, to achieve this scalar field model (22) , inspired by quantum field theory, we put forward four basis postulates. First, we assumed a relativistic localized function (21) as a hypothetical particle of an unknown field model; secondly, assuming that the dominant dynamical equations of motion for this special solution (21) are the same standard known CNKG equations; thirdly, we assumed that this standard dynamical equations are valid just for this special solution (21) , and eventually we assume that this special solution is a stable or soliton solution. All of these postulates force us One therefore expects that in collisions between similar solitary wave packet solutions with specific rest frequency ω s , they reappear without any distortion, i.e. they are really solitons.
